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Abstract

In this paper we propose a new algorithm for computing the diameter of undirected unweighted graphs.
Even though, in the worst case, this algorithm has complexity O(nm), where n is the number of nodes and
m is the number of edges of the graph, we experimentally show (on almost 200 real-world graphs) that in
practice our method works in linear time. Moreover, we show how to extend our algorithm to the case of
undirected weighted graphs and, even in this case, we present some preliminary very positive experimental
results.

Keywords: breadth-first search, diameter, complex network

1. Introduction

This paper addresses the diameter computation problem in the case of undirected unweighted graphs,
where the diameter D is defined as the maximum distance among all the pairs of nodes (the distance d(u,v)
between two nodes u and v is defined as the number of edges contained in the shortest path from u to v).
In the context of real world networks, the textbook method, based on performing a breadth-first search (in
short, BFS) from any node of the graph, requires a prohibitive cost of O(nm) time, where n is the number
of nodes and m is the number of edges of the graph: indeed, it is not rare that a real-world graph contains
several millions of nodes and several millions of edges. Even more efficient methods, like the ones presented in
[1, 2], turn out to be too much time consuming (for a comprehensive overview of results concerning distance
and diameter computation, we refer to [3]).

Some simpler algorithms have also been recently proposed (see, for example, [4, 5]). These algorithms
perform a sampling of the eccentricity of the nodes of the graph, by executing a fixed number of random
BFSes (the eccentricty ecc(u) of a node u is equal to max, d(u,v)): unfortunately, no useful bound on the

performed error can be provided and even experimentally these algorithms turn out to be not always precise.
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The main contribution of this paper consists of showing that BFS can indeed be an extremely powerful tool
in order to compute the exact value of the diameter, whenever it is used in a more clever way.

In particular, we present the iFUB (iterative fringe upper bound) algorithm to calculate the exact value
of the diameter. This algorithm uses as a subroutine a lower bound computation method, called 4-SWEEP,
which is a natural extension of the method described in [6, 7]. The ¢FUB algorithm, which is a generalization
of the FUB method described in [8], uses the lower bound value computed by the 4-SWEEP algorithm in order
to start an iterative procedure whose goal is both to refine the lower bound value itself and to properly tune
an upper bound value, until the two values coincide (or are within a specified distance).

In the worst case, the time complexity of the iFUB algorithm is equal to the complexity of the textbook
algorithm, that is, O(nm). However, by performing BFSes in a specified “good” order, it turns out that
we don’t need to perform all the BFSes as in the case of the exhaustive method. This phenomenon is
quite impressively evident in the case of real-world graphs: indeed, in these cases our method requires only
few BFSes, so that its time complexity is, in practice, linear in the number of edges. In order to support
this statement, we tested the algorithm on a dataset containing about 200 real-world graphs which cover
several different application areas (including also the graphs used to validate several popular tools, such as
the ones described in [9, 10, 11, 12]). Moreover, we also experimented the algorithm on synthetic graphs
created by using some of the most well-known models for generating random complex networks. Finally,
we adapted the {FUB algorithm in order to deal with undirected weighted graphs and we experimented this
modification on a dozen of real-world weighted networks: even in this case, the performance of the iFUB
approach is quite impressive. We implemented all our algorithms in the C language: the source code, the
dataset, the logs of the experiments, and other tools for file format conversion, are available at our website
diameter.algoritmica.org.

The paper is organized as follows. Section 2 describes the iFUB algorithm and analyses its complexity,
while Section 3 shows some possible ad hoc bad cases. In Section 4 we describe the dataset, while in Section
5 we report the results of our experiments. In Section 6 we briefly present the modification of the iFUB
algorithm in order to deal with undirected weighted graphs and we report some preliminary experimental

results. We conclude in Section 7 by proposing some open questions.

2. The iterative fringe upper bound algorithm

Let G = (V, E) be an undirected unweighted graph and let u be any node in V. We denote by T}, a
breadth-first search (in short, BFS) tree rooted at node u, by ecc(u) the height of T,, (that is, the eccentricity
of u), and by F(u) the set of nodes whose distance from w is ecc(u). Moreover, let F;(u) be the fringe set of
nodes whose distance from u is equal to i (note that F(u) = Feee(y)(u)) and let B;(u) = max_¢p, ) ecc(z).

Observe that, for any « and y such that « € Fj(u) or y € F;(u), we have that d(z,y) < Bj(u): indeed,



ALGORITHM 1: {FUB
Input: A graph G, a node u, a lower bound [ for the diameter, and an integer k
Output: A value M such that D — M <k
1 < ecc(u);
b + max{ecc(u),};
ub < 2ecc(u);
while ub — b > k do
if max{lb, B;(u)} > 2(i — 1) then
| return max{ib, B;(u)};
else
b + max{lb, B;(u)};
ub < 2(i — 1);
end
i1 —1;
end
return [b;

d(z,y) < min{ecc(x),ecc(y)} < Bj(u). Observe also that, for any ¢ and j with 1 <, j < ecc(u) and for any
x and y such that z € F;(u) and y € F;(u), d(z,y) <i+j < 2max{i, j}.

Theorem 1. For any i with 1 < i < ecc(u), for any k with 1 < k < i, and for any v € F;_;(u) such that
ecc(x) > 2(i — 1), there exists y, € Fj(u) such that d(x,y,) = ecc(z) with j > 1.

PROOF. Since ecc(z) > 2(i — 1), then there exists y, whose distance from z is greater than 2(i — 1). If y,
was in Fj;(u) with j < ¢, then from the previous observation it would follow that d(x,y,) < 2max{i—k,j} <

2max{i — k,i — 1} = 2(¢ — 1), which is a contradiction. Hence, y, must be in F;(u) with j > 1. O

The previous result implies that if y is a node in Fj(u) U Fipi(u) U ... U Feeey)(u) with maximum
eccentricity and if ecc(y) > 2(i — 1), then the eccentricity of all nodes in Fy (u) U Fa(u)U. ..U F;_1(u) is not
greater than ecc(y). This suggests to visit T3, in a bottom-up fashion, starting from the nodes in F'(u). At
each level i, we can compute the eccentricities of all its nodes: if the maximum eccentricity e is greater than
2(i — 1) then we can discard visiting the remaining levels, since the eccentricities of all their nodes cannot

be greater than e. This idea suggests the following algorithm.
e Set i = ecc(u) and M = B;(u).
e If M >2(i— 1), then return M, else set ¢ =4 — 1 and M = max{M, B;(u)}, and repeat this step.

Note that at each iteration of the previous algorithm, we can also update a lower and an upper bound on
the diameter. Indeed, the diameter is always greater than or equal to M (since M is always the maximum
among a set of eccentricities) and it is always less than or equal to 2(¢i — 1) (because of Theorem 1). This
leads us to Algorithm 1 which receives as inputs the node u, an already known lower bound [, and a precision
requirement k. The algorithm initializes the lower bound by setting it equal to the maximum between the

already known one (that is, [) and the trivial bound obtained by performing the BFs starting from w (that is,



ALGORITHM 2: 4-SWEEP
Input: A graph G
Output: A lower bound for the diameter of G and a node with (hopefully) low eccentricity
r1 < random node of G;
a1 < argmazycvd(ri,v);
b1 + argmazyevd(ai,v);
ro < the node in the middle of the path between a1 and by;
az  argmazycyd(ra,v);
b2 + argmazyecvd(az,v);
u 4 the node in the middle of the path between as and bo;
lowerb + max{ecc(r1), ecc(ar), ecc(rz), ecc(az)};
return lowerb and wu;

ecc(u)). Moreover, it initializes the upper bound by setting it equal to the trivial one obtained by performing
the BFs starting from w (that is, 2ecc(u)).

The running time of the algorithm is in the worst case O(nm), as in the case of the exhaustive algorithm,
since, in the worst case, we have to perform a BFS starting from “almost” every node of the graph (in
Section 3 we will show some ad hoc cases in which this happens, while in Section 5 we will show that, in the
case of real world graphs, by choosing the starting node u as described below this never happens). Indeed,
observe that, at each iteration of the while loop, ub — Ib decreases at least by 2: this implies that the
algorithm executes at most [ecc(u)/2] iterations (note that, since for any node u, ecc(u) < D, we have that
the number of iterations is bounded by D/2).

This observation suggests that the starting node u affects the performance of :FUB. The 4-SWEEP method
(see Algorithm 2) is a heuristic to find a good starting node w (that is, one with a low eccentricity), which
requires always 4 BFSes. Let r; be a random node, let a; be a farthest node from r;, and let b; be a farthest
node from aq; if 5 is the node halfway between a; and by, then we define analogously a2 and by. The starting
node u is then defined as the middle node of the path between as and by. Intuitively, u is a “center” of G,
that is, a node whose eccentricity is close to the radius R of G, which is defined as the minimum eccentricity:
as we will see in Section 5, in the case of real world graphs, R ~ D/2. Surprisingly, we will also see that this
choice of u also provides, in the case of real world graphs, two other important features: a diametral node is
always included in one of the first few fringe sets of u and these fringe sets are relatively small. Finally, let
us note that, as shown in Algorithm 2, this selection of u also allows us to compute an initial lower bound I

equal to max{ecc(ry), ecc(aq),ecc(ra),ecc(az)}.

3. Theoretical negative results

In this section we show that there exists an infinite family of graphs for which the 4-SWEEP algorithm
does not compute the exact value of the diameter and that there exists an infinite family of graphs for which
the ‘FUB algorithm requires O(nm) time. To this aim, let us first note that, for any graph G = (V, E) of
diameter D > 1 and for any node u € V, the graph G’ = (VU{u'}, EUE’), where, for any v € V, (uv/,v) € E’
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Figure 1: A bad network for the 4-SWEEP algorithm (left) and a zoomed detail (right).
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if and only if (u,v) € E, has also diameter D: indeed, the only new distance which is introduced in G’ is
the one between u and u/, which is equal to 2 and, hence, not greater than D. We will make use of this

observation in the following bad graph constructions.

Bad graphs for -SWEEP. In Section 5, we will show how we have experimentally found that the lower bound
returned by one execution of the 4-SWEEP algorithm coincides with the diameter in a large majority of the
real-world graphs: however, there are very few cases in which this value does not coincides with the diameter,
even if the algorithm is executed ten times (see Table 1). Indeed the idea of the counterexample presented in
[8] can be generalized in order to obtain an example with an arbitrary diameter value in which the 4-SWEEP
algorithm computes a wrong estimate with high probability.

To this aim we define a graph G = (V, E) (see Figure 1) in which V ={v; ;;: 1 <i<z -1, 1<j <
y—1, 1 <t <z}U{w,q} and E is defined as follows. For any two nodes v; j  and vis jr ¢/, (v j 1, Vir jop) € E
if and only if max{|i — |, |j — 7’|, |t —¢'|} = 1 (see the right part of Figure 1). Moreover the node w is linked
to v1,1,(2+1)/2 and the node ¢ is linked t0 v(z41)/2,y—1,(241)/2-

Observe that for any node v;;:, with 1 < i <2z —-1,1 < j <y—-1,and 1 <t < 2, we have
that, for any other node vy j v, with 1 < ¢ <z —-1,1<j <y—1,and 1 <t < z, d(vi s, virj ) =
max{|i—7'|,|j—j'|, [t=t'|} < max{z—2,y—2,2—1}, and that d(v; j;, w) = d(vi ¢, V1,1,(41)/2) +1 < max{z—
2,y—2,(2—1)/2}+1, while d(v; jt,q) = d(vVi j,t, V(t1)/2,y—1,(:41)/2) +1 < max{(z—1)/2,y—2, (¢ —1)/2} +1.
Moreover d(w,q) = d(v1,1,(241)/2; V(w+1)/2,y—1,(2+1)/2) + 2 = max{(z — 1)/2,y — 2} + 2. Thus the diameter
of G is max{x — 1,y,z — 1}.

If z, y, and z are such that z > x > y + 1 > 3, the diameter is equal to z — 1. Moreover if x,y, and z



Figure 2: A bad network for the iFUB algorithm.

are odd and such that y —1 > (z+1)/2, y —1 > (x +1)/2, and © — 1 > (z 4+ 1)/2, then the lower bound
computed by the 4-SWEEP algorithm can be z — 1 instead of z — 1. Indeed, referring to Algorithm 2, the

following computation might be performed.
® 71 = Ugp—1,1,(24+1)/2-
ea=wsincex—1>(z+1)/2—Tlandz—1>y— 1.
® by =y 11,241)/2 Since x —1>(2+1)/2and 2 —1>y.
® T2 = U(z41)/2,1,(2+1)/2> that is the node opposite to ¢ with respect to the x axis.
® ag =¢qsincey—1>(z+1)/2—landy—1>(x+1)/2—-1
e by =w,sincey > (z+1)/2and y > (z+1)/2.

Thus ecc(r1) = ecc(a;) = & — 1, ecc(re) = y — 1, and ecc(az) = y. Hence the lower bound computed by the
4-SWEEP algorithm is equal to max{z — 1,y — 1,y} =  — 1. Observe that the approximation ratio of the
value returned by the algorithm is asymptotically close to 2, that is the same ratio obtained by performing
a BFS and returning the diameter of the corresponding tree.

The example can be modified in order to make the starting bad choice more probable, by creating several
copies of the node v, 1 1,(.41)/2. Moreover, it can be easily generalized to higher dimensions, in order to
become a bad graph for natural extensions of the 4-SWEEP algorithm, such as the 2k-SWEEP algorithm, for

k> 2.

Bad graphs for iFUB. In [8], it was observed that there exist graphs (see graphs available at [13]), such as the
one shown in Figure 2, such that, for any node u, the size of the fringe F'(u) is linear in n. This immediately
implies that, in the case of these graphs, the complexity of iFUB is O(nm). In the previous section we have
already observed that, when we apply ¢FUB, the number of iterations depends on the choice of the starting
node u. In particular, let R be the radius of the graph, and let C' be the center of the graph (that is, the

set of nodes v for which ecc(v) is equal to R). Then, the minimum number of iterations performed by iFUB



is obtained whenever u € C: in this case, indeed, the upper bound on the iterations is minimum and equal
to R — D/2 4+ 1. On the other hand, more iterations are needed whenever the eccentricity of u is close
to the diameter. Unfortunately, graphs like the one shown in Figure 2 have the property that all nodes
have eccentricity equal to the diameter, which implies that D/2 + 1 iterations will always be executed: that
is, in these cases the iFUB algorithm executes the maximum number of iterations. In real-world networks,
however, the difference between R and D seems to be very high (actually close to the maximum, that is,
D/2). Moreover, in these cases 4-SWEEP seems to be able to choose a starting node u with low eccentricity

(that is, close to R), and with very small fringe sizes.

4. Dataset

We collected about 200 real-world graphs, which have been chosen in order to cover the largest possible set
of network typologies: as far as we know, this is the largest examined dataset of real-world graphs. Note that,
in the case of several of these graphs, the exact value of the diameter was still unknown or only approximated
(as in the case of the values given in [5]). We also considered some synthetic graphs obtained from well-known

generative models. In particular, we classify our networks according to the following categories.

1. Biological networks. These graphs refer to databases of physical, genetic and biological interactions
(14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

2. Citations networks. Nodes represent papers and edges represent citations [5, 25, 26].

3. Collaboration networks. Nodes represent people and edges represent collaborations (co-authors, actors,
software developers teams , and so on) [5, 14, 27].

4. Communication networks. Nodes represent people and edges represent communication among them
[5, 28, 29].

5. Product co-purchasing networks. Nodes represent products and edges link commonly co-purchased
products [5].

6. Autonomous systems graphs. These are the graphs of the Internet, typically referring to connections
among Internet Service Providers [5, 14].

7. Internet peer-to-peer networks. Nodes represent computers and edges represent communication among
them [5, 30].

8. Web graphs. Nodes represent web pages and edges are hyperlinks [5, 30, 31, 32].

9. Social networks. Nodes represent people and edges represent interactions between them [5, 27, 28, 29,
33].

10. Road networks. Nodes represent intersections and endpoints and edges represent roads connecting

these intersections or road endpoints [5].



Number of graphs in which z over 10 experiments
4-SWEEP has returned a tight lower bound

Networks Total z = 10 10>xz>5 5>x>0 x =0

Biological networks 46 34 6 4 2
Citations networks 5 4 1 0 0
Collaboration networks 13 11 0 2 0
Communication networks 38 29 7 2 0
Product co-purchasing networks 4 4 0 0 0
Autonomous systems graphs 2 1 1 0 0
Internet peer-to-peer networks 2 2 0 0 0
Web graphs 11 10 1 0 0
Social networks 11 10 1 0 0
Road networks 3 2 1 0 0
Words adjacency networks 4 4 0 0 0
Meshes and electronic circuits 34 26 5 2 1
Synthetic graphs 18 15 2 1 0
Others 8 6 2 0 0
Total 199 158 27 11 3

Table 1: A summary of the results obtained by ten executions of the 4-SWEEP algorithm.

11. Words adjacency networks. Nodes represent words and edges represent their adjacency in the text
[15, 34].

12. Meshes and electronic circuits. These graphs correspond to adjacency matrices derived from finite
element meshes or to stiffness matrices, or they are calculated during simulations for path optimization
in digital electronic circuit projects [15, 35].

13. Synthetic graphs. These graphs are generated according to the following evolution models: Erdés-

Rényi [36], random geometric [37], forest-fire [11] and Kronecker [10].

An important feature is that almost all graphs in our dataset are sparse (that is, m = O(n)).

5. Experiments

Our computing platform is a machine with a Pentium Dual-Core CPU (Intel(tm) E5200 @ 2.50GHz),
with a 8GB shared memory. The operating system is a Debian GNU/Linux 6.0, with a Linux kernel version

2.6.32 and gcc version 4.4.5.

Obtaining a lower bound via random sampling.. When the graphs are so huge that no exhaustive computation
can be done, a random set of nodes can be randomly sampled and the maximum eccentricity among these
nodes can be returned as a lower bound for the diameter. We have performed 1000 random BFses for each
of the 199 graphs (this is the same number of BFSes used to compute the values reported in [5]). For 101
graphs the returned lower bound coincides with the diameter of the graph: however, only 34 of these graphs
have more than 10000 nodes. On the other hand, in the remaining 98 graphs for which the lower bound is
not tight, 91 graphs have more than 10000 nodes. It means that, as expected, the size of the random sample,

that is the number of BFses that have to be performed, has to depend on the size of the graph.



Number of graphs in which iFUB has performed v BFSes on the average
v Number n of vertices

Total | n <10% [ 10° <n <10* [ 10* <n <10° [ 10° <n <10° [ 10°<n
v=2>5 29 2 8 9 10 0
5 < v <100 123 17 44 43 11 8
100 < v < 1000 21 1 3 10 4 3
1000 < v < 10* 18 0 4 12 1 1
10* < v < 10° 8 0 0 3 3 2

Table 2: A summary of the results obtained by ten executions of iFUB.

Obtaining tight lower bound via 4-SWEEP. For each of the 199 graphs, we executed the 4-SWEEP algorithm

ten times (see Table 1).!

e For 158 graphs, in all the ten experiments the lower bound computed by 4-SWEEP is equal to the

diameter.

e For 185 graphs, in more than four among the ten experiments, the lower bound computed by 4-SWEEP

is equal to the diameter.

e For 196 graphs, in at least one among the ten experiments, the lower bound computed by 4-SWEEP is

equal to the diameter.

e In 3 networks, no experiment has returned a lower bound equal to the diameter.

Computing the diameter via iFUB. For each of the 199 graph, we executed the iFUB algorithm ten times.
In Table 2 we show some of the results obtained by our experiments: in particular, we consider the average
number of visits, among the ten experiments, employed by iFUB to calculate the exact value of diameter
(that is, with k& = 0). For each graph and for each number v, we report the number of graphs in which ‘FUB
has performed v BFSes on the average. Observe that given a graph with n nodes, the number of BFSes ranges
between 5 (that is, the case in which Algorithm 1 returns the exact value of diameter without entering the
while loop), and O(n) (that is, the case in which iFUB degenerates to the textbook algorithm).

In the figures shown in the appendix, we visually show the performance of iFUB by grouping the results
with respect to the category of the graphs. On the z-axis is reported the number of nodes, while on the
y-axis is reported the average ratio (among the ten experiments) between the number of BFses performed
by the algorithm and the number of nodes: the inverse of this ratio corresponds to the gain of the algorithm
with respect to the textbook method. The ratio can range between 5/n (represented by the continuous line)

and 1 (represented by the upper border of the plot).

INo significant variance was observed also on more experiments because central nodes are easily detected by the 4-SWEEP
algorithm: they usually are the same in all the experiments, even if we perform random choices.



e 22 graphs are such that iFUB is forced to perform more than 10% of the BFSes of the exhaustive method:
these networks are some meshes and electronic circuit simulation networks, some random graphs, one

peer-to-peer network, and one communication network;

e 37 graphs are such that iFUB performs between 1% and 10% of the BFSes of the exhaustive method:
these networks are some biological networks, the road networks, some synthetic networks, and some

meshes and electronic circuit simulation networks ;

e 59 graphs are such that iFUB performs between 0.1% and 1% of the BFSes of the exhaustive method:

these networks are mainly biological networks, collaboration networks, and some synthetic networks;

e 49 graphs are such that ¢{FUB performs between 0.01% and 0.1% of the BFSes of the exhaustive method:

these are communication networks;

e 32 graphs are such that FUB performs less than 0.01% of the BFSes of the exhaustive method.

It is worth observing that, even if sometime the plotted values are scattered over order of magnitudes,
the relative cost of the algorithm seems to decrease with respect to n for almost all the networks except very

few categories.

6. Extension to weighted graphs

Theorem 1 can be easily extended to the case of undirected weighted graphs. Indeed, let T, denote
a shortest path (in short, sP) tree rooted at node u (computed, for instance, by means of the Dijkstra
algorithm [38]), ecc¥ (u) denote the weight of the longest path from u to one of the leaves of T, (that is, the
weighted eccentricity of u), and F)(u) denote the set of nodes whose weighted distance from u is equal to d
(hence, F(u) # 0 if and only if there exists at least one node z in T}’ such that the weight of the path from
u to z is equal to d). Moreover, let dy,ds,...,d, be the sequence of distinct values d such that F}'(u) # 0
ordered in increasing order, that is, dy < ds < --- < dp,: note that dj, = ecc”(u). We then have the following

result.

Theorem 2. For any i with 1 < i < h, for any k with 1 < k < i, and for any x € F;’_k(u) such that

ecc%V(x) > 2d;_1, there exists y, € Ey (u) such that d(x,y,) = ecc™ (x) with j > i.

PROOF. The proof is very similar to the one of Theorem 1. Since ecc™(z) > 2d;—1, then there exists y,
whose distance from x is greater than 2d;_;. If y, was in Fl}”; (u) with j < 4, then it would follow that
d(z,yz) < dimip +d; < 2d; (since both ¢ — k and j are smaller than 7), which is a contradiction. Hence, ¥,

must be in Fc‘l"]’, (u) with j > . O

10



ALGORITHM 3: {FUB
Input: A weighted graph G, a node u, a lower bound [ for the diameter, and an integer k
Output: A value M such that D — M <k
Let di < d2 < ... < dj, be the sequence of distinct values d such that F} (u) # 0
i< h;
b < max{ecc” (u),l};
ub < 2ecc” (u);
while ub — b > k do
if max{lb, By (u)} > 2d;— then
| return max{lb, By (u)};
else
Ib <= max{lb, By (u)};
ub 2d¢71;
end
i1 —1;
end
return [b;

We can then appropriately modify the ¢FUB algorithm in order to deal with undirected weighted graphs.
Indeed, by defining BY (u) = max,c Ey (u) eccV(z), we can adapt Algorithm 1 as shown in Algorithm 3.
In order to start the execution of the algorithm, we can also modify the 4-SWEEP algorithm by using
four single source shortest path algorithm executions instead of four BFSes. We have experimented this
modification of the two algorithms on 12 undirected weighted real-world graphs: these graphs have been
downloaded either from the weighted network dataset available at [39] or from the web site of the 9th
DIMACS Implementation Challenge on shortest paths [40]. Most of these networks were originally directed
and we made them undirected by setting the weight of each new (undirected) edge equal to the average of
the weights of the two original (directed) edges. Our experimental results are summarized in Table 3: as it
is shown in the table, these results turn out to be very promising, since the diameter is most of the times
found in less than 10 executions of the shortest path algorithm, and the number of these executions is always
much less than 10% of the number of all nodes in the largest strongly connected component. It is also worth
observing that in all networks the modified 4-SWEEP algorithm computes the exact value of the diameter:
as already observed in [8], the lesson learned in our experiments is thus that a good starting point is to run
the 4-SWEEP method to have an educated guess of what is the diameter of a large graph, and that the iFUB

algorithm can be used in order to validate this finding in many cases.

Number of graphs in which the weighted ¢FUB has
performed v shortest path computations on the average

v Number n of vertices
Total 107 < n < 10° 10° < n < 10% 10" < n < 10° 10° < n < 10° 10° < n
5<wv <10 8 2 2 1 1 2
10 < v <100 3 0 1 2 0 0
10% < v < 10% 1 0 0 0 1 0

Table 3: A summary of the results obtained by ten executions of iFUB on weighted graphs.
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7. Conclusions and future work

The main contribution of this paper is the definition of a new algorithm, called iFUB, for the computation
of the diameter of undirected unweighted graphs. Even if, in the worst case, the time complexity of iFUB
is O(nm), this algorithm in practice executes in O(m) time when applied to real-world networks (and,
thus, in O(n) time because of the sparsity of these networks). These impressive performances are also,
but not only, due to the performance of the 4-SWEEP method, that by means of only 4 BFSes is able to
compute a lower bound for the diameter, which is in practice almost always tight: intuitively, the good
performance of 4-SWEEP lowers the variability of the performances of iFUB. As a result, the combination of
these two algorithms allowed us to compute the diameter of huge real-world networks whose diameter was
still unknown. We have also shown that the iFUB algorithm can be easily modified in order to deal with
undirected unweighted graphs and we presented some preliminary very promising experimental results.

The iFUB algorithm has been recently integrated into the WebGraph Java library [9], and it has been
used in order to compute the exact diameter of several quite huge subgraphs of the Facebook graph: the
good news is that a highly parallel version of our method was able to compute the diameter of the largest
subgraph (approximately 149.1M of nodes and 15.9G of edges) in twenty minutes [41].

The impressive performances of our algorithm seems to be related to the structure of the real-world
networks, in which we have observed a very particular phenomenon: the radius of these networks is usually
close to the minimum possible value with respect to their diameter, and, moreover, the set of the farthest
nodes from nodes with low eccentricity is usually small. Understanding the reasons of such structural
properties in real-world networks is an interesting open problem to be addressed in future.

The reason of the accuracy of the 4-SWEEP algorithm while computing lower bounds for the diameter
and nodes with low eccentricity is also an interesting open problem. Indeed, a way to characterize graphs
for which 4-SWEEP returns the exact value of the diameter is still unknown even if some steps has been
performed by [42]. If this will be better understood, then it could be interesting to understand also the

reasons for which the real-world networks exhibit this characterizing behavior.
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Appendix A. Figures summarizing our experimental results

The following plots summarize our experimental results for the different network classes: in the plots,
the relative cost is expressed by the ratio between the average number of BFSes executed by ‘FUB and the

number of nodes.
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